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Abstract
Let X be a smooth compact manifold with corners which has two embedded boundary hypersur-
faces ∂0X, ∂1X, and a fiber bundle φ : ∂0X → Y is given. By using the method of blowing up, we
define a pseudodifferential culculus Ψ∗Φ,b(X) generalizing the Φ-calculus of Mazzeo and Melrose and
the (small) b-calculus of Melrose. We discuss the Fredholm condition of such operators and prove the
relative index theorem. And as its application, the index theorem of “non-closed” Z/k - manifolds is
proved.
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1 Introduction
To investigate the index problems on a singular space, it is important to define a suitable pseudodifferential
calculus adapted to singularities. Let X be a smooth compact manifold with corners which has two
embedded boundary hypersurfaces ∂0X, ∂1X , and a fiber bundle φ : ∂0X → Y is given. For such X , we
define a pseudodifferential culculus Ψ∗Φ,b(X) generalizing the Φ-calculus of Mazzeo and Melrose [13] or
the b-calculus of Melrose [14], when ∂1X or ∂0X is empty (respectively). We call an element of Ψ
∗
Φ,b(X)
a fibered cusp b-pseudodifferential operator. The purpose of this paper is to give a relative index formula
for fibered cusp b-pseudodifferential operators, and as its application, to prove the index theorem of “non-
closed” Z/k - manifolds. For simplicity, we use the 0-th order operators Ψ0Φ,b(X) for the most argument.
Before considering our general pseudodifferential culculus Ψ0Φ,b(X), let us review the b-calculus and the
Φ-calculus.
First we review the b-calculus. ([14],[17]) Let X be a compact manifold with boundary, and x be its
boundary defining function. Then we can define a small calculus of b-pseudodifferential operators. Each
element P ∈ Ψ0b(X) defines a bounded operator.
P : L2b(X)→ L2b(X)
There are two important homomorphisms:the symbol map σ and the normal map N (or the indicial
map). These maps are ∗-homomorphisms of filtered algebras which make the following sequences exact.
0→ Ψ−1b (X)→ Ψ0b(X)
σ−→ S0(bT ∗X)→ 0
0→ xΨ−1b (X)→ Ψ0b(X)
N−→ Ψ0b,inv(∂˜X)→ 0
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Where bT ∗X is a vector bundle over X which is non-canonically isomorphic to T ∗X , and S0(bT ∗X) is a
space of symbols of order 0 over bT ∗X . ∂˜X is a compactification of the positive normal bundle of ∂X →֒ X
which is non-canonically diffeomorphic to ∂X × [0, 1], and Ψmb,inv(X˜) is an algebra of b-pseudodifferential
operators on X˜ which are invariant under the action of (0,∞) on X˜.
We say P ∈ Ψ0b(X) is elliptic if σ(P ) is invertible, and fully-elliptic if in addition Nˆ(P )(λ) is invertible
for all λ ∈ R. Where Nˆ(P ) is a Mellin transform of N(P ), which is a Ψ0(∂X)-valued entire holomorphic
function. It is known that P : L2b(X)→ L2b(X) is Fredholm if and only if P is fully-elliptic.
The relative index theorem in [14] combined with the operator-valued logarithmic residue theorem [8]
gives the following result for a elliptic P .
ind(xβ1Px−β1)− ind(xβ2Px−β2) = 1
2πi
tr
∮
Nˆ(P )−1(λ)
∂Nˆ(P )
∂λ
(λ)dλ, (1)
where tr is the trace, β1, β2 /∈ −ImSpec(Nˆ(P )) (i = 1, 2) , β2 > β1, and the path of integral
is chosen so that its interior contains all poles of Nˆ(P )−1(λ) such that β1 < −Im(λ) < β2. And
Spec(Nˆ(P )) := {λ ∈ C | Nˆ(P )(λ) is not invertible } is a discrete set.
Recall that a “closed” Z/k-manifold X is a manifold with boundary such that ∂X is a disjoint union
of k copies of a closed manifold Y , ∂X = kY . Freed and Melrose [7] introduced a subalgebra of Ψ0b(X),
sconsists of P ∈ Ψ0b(X) for which N(P ) can be written as a direct sum of k copies of some operator. For
such operator P , ind(xβPx−β) mod k ∈ Z/k is independent of β because right hand side of the formula
(1) is always a multiple of k. And they proved the index theorem which asserts that this Z/k-valued
index can be written in terms of topological K theory.
Secondly we review the Φ-calculus [13]. Let X be a compact manifold with boundary, and a fiber
bundle φ : ∂X → Y is given. Such X is called a manifold with fibered boundary. Fix a boundary
defining function x of ∂X . Then we can define a calculus of Φ-pseudodifferential operators (or fibered
cusp pseudodifferential operatos) Ψ∗Φ(X), which is a filtered ∗-algebra. Each element P ∈ Ψ0φ(X) defines
a bounded operator.
P : L2Φ(X)→ L2Φ(X)
There exists two homomorphisms, a symbol map σ and a normal map N which make the following
sequences exact.
0→ Ψ−1Φ (X)→ Ψ0Φ(X)
σ−→ S0(ΦT ∗X)→ 0
0→ xΨ−1Φ (X)→ Ψ0Φ(X)
N−→ Ψ0sus(ΦNY )(∂X)→ 0
Where ΦT ∗X is a vector bundle over X which is non-canonically isomorphic to T ∗X , ΦNY is a vector
bundle over Y which is non-canonically isomorphic to R⊕ T ∗Y and Ψ0sus(ΦNY )(∂X) is a space of ΦNY -
suspended pseudodifferential operators on ∂X of order 0.
We say P ∈ Ψ0φ(X) is elliptic if σ(P ) is invertible, and fully elliptic in addition N(P ) is invertible. It
is shown that P : L2Φ(X)→ L2Φ(X) is Fredholm if and only if P is fully-elliptic.
In an extreme case when φ is an identity map φ : ∂X → ∂X , the calculus Ψ0sc(X) := Ψ0Φ(X) is called
scattering calculus. In this case, as outlined in [16], the index problem of fully elliptic operator is reduced
to the Atiyah-Singer index theorem. Let us explain it briefly. We can define a map
{P ∈ Ψ0sc(X) | P is fully elliptic}/homotopy→ K(D(TX), ∂D(TX)),
where ∂D(TX) = D(TX |∂X) ∪ S(TX) and D or S means a disk or a sphere bundle of the vector space.
The composition of this map and the topological index map [3] t-ind : K(D(TX), ∂D(TX))→ Z gives
the index of fully elliptic operator.
Finally let us move on to our general calculus. Let X be a smooth compact manifold with corners
which has two embedded boundary hypersurfaces ∂0X, ∂1X , and a fiber bundle φ : ∂0X → Y is given.
Suppose that the fiber Z of φ is a closed manifold. Fix a boundary defining function x0 of ∂0X and x1
of ∂1X . Extending the notion in [7] we call such X also a manifold with fibered boundary.
We define a pseudodifferential calculus Ψ∗Φ,b(X) of fibered cusp b-pseudodifferential operators. Each
element P ∈ Ψ0Φ,b(X) defines a bounded operator.
P : L2Φ,b(X)→ L2Φ,b(X)
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We define a symbol map σ and two normal maps N0, N1 with respect to two boundaries ∂0X, ∂1X ,
which make the following sequences are exact.
0→ Ψ−1Φ,b(X)→ Ψ0Φ,b(X)
σ−→ S0(Φ,bT ∗X)→ 0
0→ x0Ψ0Φ,b(X)→ Ψ0Φ,b(X) N0−−→ Ψ0sus(Φ,bNY )(∂0X)→ 0
0→ x1Ψ0Φ,b(X)→ Ψ0b(X) N1−−→ Ψ0Φ,inv(∂˜1X)→ 0
Where Φ,bT ∗X is a vector bundle over X which is non-canonically isomorphic to T ∗X , Φ,bNY is a vector
bundle over Y which is non-canonically isomorphic to R⊕bT ∗Y . ∂˜1X is a compactification of the normal
bundle of the embedding ∂1X →֒ X which is non-canonically diffeomorphic to ∂1X× [0, 1]. Because ∂˜1X
is also a manifold with fibered boundary so we can define Ψ0Φ(∂˜1X), and “inv” in Ψ
0
Φ,inv(∂˜1X) means the
invariance under the action of (0,∞).
We say P ∈ ΨmΦ,b(X) is elliptic when σ(P ) is invertible, and fully-elliptic when in addition N0(P ) and
Nˆ1(P )(λ) (λ ∈ R) are invertible. Where Nˆ1(P ) is a Mellin transform ofN1(P ), which is a Ψ0Φ(∂1X)-valued
entire holomorphic function.
And we prove the Fredholm condition.
Theorem 1. For P : L2Φ,b(X)→ L2Φ,b(X) is Fredholm if and only if P is fully elliptic.
We also prove the relative index theorem.
Theorem 2. Let P ∈ Ψ0Φ,b(X) and suppose σ(P ) and N0(P ) are invertible. Take any βi /∈ −ImSpec(Nˆ1(P )) (i =
1, 2), β2 > β1. Then,
ind(xβ11 Px
−β1
1 )− ind(xβ21 Px−β21 ) =
1
2πi
tr
∮
Nˆ1(P )
−1(λ)
∂Nˆ1(P )
∂λ
(λ)dλ, (2)
where the path of integral is chosen so that its interior contains all poles of Nˆ1(P )
−1(λ) such that β1 <
−Im(λ) < β2.
Let X be a Z/k-manifold, i.e. X is a smooth compact manifold with corners which has two embedded
boundary hypersurfaces ∂0X, ∂1X , and ∂1X = kY for some manifold with boundary Y . Then X is
a manifold with Baas-Sullivan singularity [4], and X is called closed as a manifold with Baas-Sullivan
singularity if ∂0X is empty. We regard X as a manifold with fibered boundary by setting φ = Id∂0X :
∂0X → ∂0X . And define Φ0sc,b := Φ0Φ,b. We define a subalgebra Ψ0sc,b,Z/k(X) of Ψ0sc,b(X) which is
compatible to the structure as a Z/k-manifold, by setting
Ψ0sc,b,Z/k(X) = {P ∈ Ψ0Φ,b(X) | N1(P ) can be written as a direct sum of k copies of some operator on Z }.
For P ∈ Ψ0sc,b,Z/k(X), indβ(P ) mod k ∈ Z/k is independent of β because the right hand side of (2)
is always a multiple of k.
We can define a map
{P ∈ Ψ∗sc,b,Z/k(X) | σ(P ) and N0(P ) are invertible}/homotopy→ K(D(TX), ∂0D(TX)),
where the overlines mean the identification of k copies, and TX → X is a vector bundle. ∂D(TX) =
S(TX) ∪ D(TX |∂0X) ∪ D(TX |∂1X), and ∂0D(TX) := S(TX) ∪ D(TX |∂0X). As in the case of Atiyah-
Singer [3] or Freed-Melrose [7], there exists a topological index map t-ind : K(D(TX), ∂0D(TX))→ Z/k
[20]. And we prove the composition of these two maps gives the Z/k-valued index of the operator P .
3
2 The definition of fibered cusp b-pseudodifferential operators
In this section, based on the discussion in [13], we define the fibered cusp b-pseudodifferential operators.
Let X be a smooth compact manifold with corners which has two embedded boundary hypersurfaces.
Thus, following relations hold where ∂0X and ∂1X are the boundary hypersurfaces.
∂X = ∂0X ∪ ∂1X , ∠X = ∂0X ∩ ∂1X
Suppose a fiber bundle φ : ∂0X → Y is given, where Y is a compact manifold with boundary and each
fiber Z is a compact manifold without boundary. Suppose further φ maps the boundary to the boundary,
thus restricts to a fiber bundle φ|∠X : ∠X → ∂Y , and the following diagram commutes.
∠X


//
φ∠X

∂0X
φ

∂Y 

// Y
We say X is a manifold with fibered boundary in this case.
The whole following discussion can be applied in the case when each fiber φ−1(y) varies on connected
components of Y , but for simplicity, we assume they are all diffeomorphic to a single closed manifold Z.
Take any boundary defining functions x0, x1 ∈ C∞(X) for ∂0X, ∂1X respectively. We assume that
x1|∂0X is constant on each fiber of φ, which is always possible by taking boundary defining function of
∂Y ⊂ Y and pulling it back to ∂0X and extend it to X .
To describe local properties of X , it is convenient to introduce “model space” M as follows.
M := {(x0, x1, y, z) ∈ R≥0 × R≥0 × Rk−1 × Rl}, ∂0M := {x0 = 0}, ∂1M := {x1 = 0},
N := {(x1, y) ∈ R≥0 × Rk−1}, φ : ∂1M → N
where φ is the projection. Then M is a manifold with fibered boundary (without a compactness assump-
tion).
For any manifold with fibered boundary X and p ∈ X , their exists an open neighbourhood p ∈ U and
diffeomorphism onto open subset of M which preserves the structure of manifold with fibered boundary.
Where “preserving the structure” means it preserves ∂0, ∂1 and φ, and when p ∈ ∂0X or p ∈ ∂1X , it
preserves the function x0 or x1.
We define fibered cusp b-vector fields on X as follows:
VΦ,b(X) = {V ∈ V(X) | V x0 ∈ x20C∞(X), V |∂0X is tangent to the fibers of φ, V |∂1X is tangent to ∂1X },
where V(X) is the space of smooth vector fields on X .
WhenX =M , it is straightforward to check VΦ,b(M) is freely generated by x20
∂
∂x0
, x0x1
∂
∂x1
, x0
∂
∂yi
,
∂
∂zj
over C∞(M). Thus their exist a smooth vector bundle Φ,bTX overX and the isomorphism Γ(X,Φ,b TX) ≃
VΦ,b(X).
The map Φ,bTX → TX , induced by VΦ,b(X) →֒ V(X) defines the Lie algebroid structure on X . Such
a structure is called a Lie structure at infinity in [1] and [2].
Although the space VΦ,b(X) depends on the choice of boundary defining function x0 of ∂0X , the full
information of x0 is not needed to determine VΦ,b(X), and we can prove the following lemma by direct
calculation.
Lemma 1. Two choices of boundary defining function of ∂0X, x0 and x˜0 defines a same space VΦ,b(X)
if and only if x˜0/x0 = α ∈ C∞(X) satisfies α|∂0X = φ∗γ for some γ ∈ C∞(Y ).
On the set
B := {x0 | x0 is a boundary defining function of ∂0X},
the group
G := {α ∈ C∞(X) | α > 0 and α|∂0X is constant on each fiber of φ }
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acts by multiplication. The above lemma implies that fixing VΦ,b(X) is equivalent to fixing the G orbit
in B.
From now on, we fix the Lie algebroid VΦ,b(X), or equivalently, the G orbit in B.
Next we define the vector bundle over Y by using the local coordinate:
Φ,bNY := span{x20
∂
∂x0
, x0x1
∂
∂x1
, x0
∂
∂yi
}.
By definition,
φ∗(Φ,bNY ) = ker(Φ,bTX |∂0X → TX |∂0X).
We want to describe this vector bundle without using coordinate. Note that if we fix x0,
Φ,bNY is
clearly isomorphic to R⊕ bTY . If x˜0 = αx0 is another choice of boundary defining function where α ∈ G.
The coordinate exchange is given as following.
x20
∂
∂x0
=
1
α
· x˜20
∂
∂x˜0
x0x1
∂
∂x1
=
1
α2
∂α
∂x1
· x˜20x1
∂
∂x˜0
+
1
α
· x˜0x1 ∂
∂x1
x0
∂
∂yi
=
1
α2
∂α
∂yi
· x˜20
∂
∂x˜0
+
1
α
· x˜0 ∂
∂yi
The group G acts on R⊕ bTY by
(α, τ, η) ∈ G× (R⊕ bTY ) 7→ (τ/γ + dγ · η/γ2, η/γ) ∈ R⊕ bTY,
where γ ∈ C∞(Y ) is defined by φ∗γ = α−1|∂0X and dγ ·η means a paring of T ∗Y and bTY . By the above
formula of coordinate exchange, the map
(τ, σ1x1
∂
∂x1
, ηi
∂
∂yi
, x0) ∈ (R⊕ bTY )×
G
B 7→ (τx20
∂
∂x0
, σ1x0x1
∂
∂x1
, x0
∂
∂yi
) ∈ Φ,bNY,
is a well-defined isomorphism. This gives a coordinate-free definition of Φ,bNY .
Let X2b be a smooth manifold obtained by blowing up ∂0X × ∂0X and ∂1X × ∂1X in X ×X .
X2b = [X
2; (∂0X)
2, (∂1X)
2] , βb : X
2
b → X2
The order of two blow-ups does not matter because ∂0X×∂0X and ∂1X×∂1X intersects transversely (see
[15]). X2b has 6 boundary hypersurfaces L0, F0, R0, L1, F1 and R1, which corresponds to ∂0X×X, ∂0X×
∂0X,X × ∂0X, ∂1X ×X, ∂1X × ∂1X , and X × ∂1X respectively, where L, F or R stands for left, front
or right.
Define Φ := ∂0X ×
Y
∂0X = {(w,w′) ∈ ∂0X × ∂0X | φ(w) = φ(w′)} ⊂ (∂0X)2. Then Φ can be lifted
to Φb ⊂ (∂0X)2b . The smooth function x′0/x0 : X2b → [0,∞] is independent of the choice of x0 when
restricted to F0 and there is a diffeomorphism (∂0X)
2
b ≃ {x′0/x0 = 1} ∩ F0.
By regarding Φb as a submanifold of {x′0/x0 = 1} ∩ F0, we define
X2Φ,b := [X
2
b ; Φb] , βφ : X
2
Φ,b → X2b , β := βb ◦ βφ : X2Φ,b → X2.
X2Φ,b has 7 boundary hypersurfaces L0, F0, R0, L1, F1, R1 and FF0 where the new hypersurface FF0
corresponds to Φb.
For a model space M , we want to describe these blowing-ups explicitly using coordinates.
M2 = {(x0, x1, y, z, x′0, x′1, y′, z′) | x0 ≥ 0, x1 ≥ 0, x′0 ≥ 0, x′1 ≥ 0}
First the coordinate on M2b \ L0 \ L1 is given as following.
{(x0, x1, y, z, s0, s1, y′, z′) | x0 ≥ 0, x1 ≥ 0, s0 ≥ 0, s1 ≥ 0}
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s0 =
x′0
x0
, s1 =
x′1
x1
In this coordinate, Φb = {x0 = 0, s0 = 1, s1 = 1, y = y′}. Thus, we can give an explicit coordinate on
M2Φ,b \ L0 \R0 around FF0 as following.
{(x0, x1, y, z, u0, u1, v, w) | x0 ≥ 0, x1 ≥ 0, x0 ·
√
1 + u20 + u
2
1 + v
2 < 1}
u0 =
1− s0
x0
=
x0 − x′0
x20
, u1 =
1− s1
x0
=
x1 − x′1
x0x1
, v =
y − y′
x0
, w = z − z′
Proposition 1. G := X2Φ,b \ L0 \ R0 \ L1 \ R1 has a structure of a Lie groupoid by extending the Lie
groupoid structure on intX2. The set of units of G is the lifted diagonal ∆Φ,b ⊂ X2Φ,b, and the associated
Lie algebroid A(G) is Φ,bTX.
Proof. Recall that the Lie algebroid structure of intX2 is given as follows:
d(x0, x1, y, z, x
′
0, x
′
1, y
′, z′) = (x′0, x
′
1, y
′, z′), r(x0, x1, y, z, x
′
0, x
′
1, y
′, z′) = (x0, x1, y, z),
µ((x0, x1, y, z, x
′
0, x
′
1, y
′, z′), (x′0, x
′
1, y
′, z′, x′′0 , x
′′
1 , y
′′, z′′)) = (x0, x1, y, z, x
′′
0 , x
′′
1 , y
′′, z′′)
u(x0, x1, y, z) = (x0, x1, y, z, x0, x1, y, z), ι(x0, x1, y, z, x
′
0, x
′
1, y
′, z′) = (x′0, x
′
1, y
′, z′, x0, x1, y, z)
where d, r, µ, u and ι are domain, range, multiplication, unit, and inversion map respectively.
By using the coordinate on X2Φ,b described above, we can compute:
x′0 = x0 − x20u0, x′1 = x1 − x0x1u1, y′ = y − x0v, z′ = z − w.
x0 − x′′0
x20
= u0 +
x′20
x20
u′0,
x1 − x′′1
x0x1
= u1 +
x′0x
′
1
x0x1
u′1,
y − y′′
x0
= v +
x′0
x0
v′, z − z′′ = w + w′, (3)
where
u′0 =
x′0 − x′′0
x′20
, u′1 =
x′1 − x′′1
x′0x
′
1
, v′ =
y′ − y′′
x′0
, w′ = z′ − z′′.
Because x′0/x0 = 1− x0u0 and x′1/x1 = 1− x0u1 are smooth on G, d, r, µ, u and ι can be extended to G.
These maps satisfy the axiom of the Lie groupoid as it satisfy on the dense subset intX2.
Clearly, the set of units of G is the lifted diagonal
∆Φ,b = {(x0, x1, y, z, u0, u1, v, w) | u0 = u1 = v = w = 0}.
By definition, A(G) is spanned by the restrictions of ∂/∂u0, ∂/∂u1, ∂/∂v and ∂/∂w to ∆Φ,b.
∂
∂u0
= −x20
∂
∂x′0
,
∂
∂u1
= −x0x1 ∂
∂x′1
,
∂
∂vi
= −x0 ∂
∂y′
,
∂
∂w
= − ∂
∂z′
(4)
Thus, A(G) = Φ,bTX .
The Lie groupoid structure of G can be described simpler if we use the notion of blow-up of a Lie
groupoid([6]). Let G0 ⇒ X be the groupoid obtained by blowing up X2 ⇒ X at Hol(∂0X,F) ⇒ ∂0X ,
where F is the foliation defined by the fibration φ : ∂0X → Y and Hol is the holonomy groupoid. This
groupoid G0 is described more precisely in [5]. Let G1 ⇒ X be the groupoid obtained by blowing up
X2 ⇒ X at (∂1X)
2 ⇒ ∂1X , which is called a puff groupoid in [18]. Then G is the fiber product of G0
and G1.
Definition 1. Let E and F are vector bundles over X, and m ∈ R be an arbitrary real number. Then,
the space of fibered cusp b-pseudodifferential operator of order m from E to F is defined as follows.
ΨmΦ,b(X ;E,F ) := {P ∈ Im(X2Φ,b,∆Φ,b(X);π∗LF ⊗ π∗RE′ ⊗ π∗R(Φ,bΩ)),
P ≡ 0 on each boundary hypersurface except for FF0 or F1}
Where πL, πR : X
2
Φ,b → X are left and right projection, E′ is a dual of E, Φ,bΩ := |ΛdimX |(Φ,bT ∗X) , Im
is a space of conormal distribution, and P ≡ 0 means a vanishing of infinite order.
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In this paper we only consider classical or one-step polyhomogeneous conormal distribution.
The space of uniformly supported pseudodifferential operator Ψmc (G;E,F ) defined in [19] and [2] is,
by definition,
Ψmc (G;E,F ) = {P ∈ ΨmΦ,b(X ;E,F ) | P vanishes identically on the neighborhood of L0 ∪R0 ∪ L1 ∪R1}.
By definition, Ψmc (G;E,F ) ⊂ ΨmΦ,b(X ;E,F ).
Let C˙∞(X ;E) := x∞0 x
∞
1 C
∞(X ;E) be a space of smooth section of E which vanishes in infinite order
on ∂0X and ∂1X . By general theory of conormal distributions [15], for u ∈ C˙∞(X ;E) we can see that
Pu := (πL)∗Pπ
∗
Ru defines continuous linear operators C˙
∞(X ;E) → C˙∞(X ;F ) where (πL)∗ is a fiber
integral.
To give an explicit description of P , we assume P is supported in the coordinate patch {(x0, x1, y, z, u0, u1, v, w)}.
By the condition P ≡ 0 on L0 ∪R0 ∪ L1 ∪R1 , P decreases rapidly as u20 + u21 + |v|2 →∞. Thus we
can take a fourier transform with respect to u0, u1, v, w , and P can be written as following.
P (x0, x1, y, z, u0, u1, v, w) =
(∫
eiσ0u0eiσ1u1eiη·veiζwp(x0, x1, y, z, σ0, σ1, η, ζ)dσ0dσ1dηdζ
)
|du0du1dvdw|
(5)
Note that π∗R(
Φ,bΩ) is generated by x′−k−20 x
′−1
1 |dx′0dx′1dy′dz′|. Its restriction to the fiber of πL is
xk+2
0
x1
x′k+2
0
x′
1
du0du1dvdw, and the coefficient
xk+2
0
x1
x′k+2
0
x′
1
is a non-zero smooth function, thus we can absorb this
coefficient in the symbol term.
For a function u(x0, x1, y, z), the action of P is given by
Pu(x0, x1, y, z) =
∫
eiσ0u0eiσ1u1eiη·veiζwp(x0, x1, y, z, σ0, σ1, η, ζ)u(x0 − x20u0, x1 − x0x1u1, y − x0v, z − w)
dσ0dσ1dηdζ|du0du1dvdw|.
For any complex numbers α and β, xα0 x
β
1Px
−α
0 x
−β
1 ∈ ΨmΦ,b(X ;E,F ), because x′0/x0 = 1 − x0u0 ,
x′1/x1 = 1− x0u1 and these derivatives are smooth up to FF0 and F1 and at most polynomial order up
to other boundary hypersurfaces. Thus P also defines an operator xα0 x
β
1C
∞(X ;E) → xα0 xβ1C∞(X ;F ).
In particular, we can obtain three operators,
P |∂0X : C∞(∂0X ;E)→ C∞(∂0X ;F ),
P |∂1X : C∞(∂1X ;E)→ C∞(∂1X ;F ),
and
P |∠X : C∞(∠X ;E)→ C∞(∠X ;F ),
such that (Pu)|∂0X = P |∂0Xu|∂0X , (Pu)|∂1X = P |∂1Xu|∂1X and (Pu)|∠X = P |∠Xu|∠X for u ∈ C∞(X ;E).
Lemma 2. P |∂0X ∈ Ψmfiber(∂0X ;E,F ) , P |∂1X ∈ ΨmΦ (∂1X ;E,F ) , P |∠X ∈ Ψmfiber(∠X ;E,F ) where Ψmfiber
is the space of a family of m-th pseudodifferential operators on each fiber of φ which depends smoothly on
the base points, and ΨmΦ is the space of m-th fibered cusp pseudodifferential operator.
Proof. By using partition of unity, we can assume P is supported in the coordinate patch. Let p is a symbol
of P as in (5), the symbols of P |∂0X , P |∂1X and P |∂0X are p(0, x1, y, z, 0, 0, 0, ζ) , p(x0, 0, y, z, σ0, 0, η, ζ)
and p(0, 0, y, z, 0, 0, 0, ζ) respectively.
As in [13], we can construct a blow-up X3Φ,b of X
3
X3Φ,b := [X
3
b ; ΦT ; ΦFT ; ΦST ; ΦCT ; ΦF ; ΦS ; ΦC ].
By using this manifold, we can prove the following proposition exactly parallel as in [13] or [5].
Proposition 2. Let E,F,G are vector bundles over X , m,m′ ∈ R , P ∈ ΨmΦ,b(X ;E,F ) and Q ∈
Ψm
′
Φ,b(X,F,G) , then Q ◦ P ∈ Ψm+m
′
Φ,b (X ;E,G).
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3 Symbols and normal operators
In this section, we define the symbol σ and normal operators N0 and N1. Essentially, N0(P ) and N1(P )
are restriction of the kernel of P to FF0 and F1. A similar notion is called a normal operator in [13], an
indicial operator in [14], and just a symbol in [5].
As described in [15],[13],[19], we can obtain a symbol homomorphism
σ : ΨmΦ,b(X ;E,F )→ Sm(Φ,bT ∗X ; Hom(E,F )).
Where Sm(Φ,bT ∗X ; Hom(E,F )) is a space of bundle homomorphisms Φ,bT ∗X \ 0 → Hom(E,F ) which
are homogeneous of degree m. The sequence
0→ Ψm−1Φ,b (X ;E,F )→ ΨmΦ,b(X ;E,F )
σ−→ Sm(Φ,bT ∗X ; Hom(E,F ))→ 0
is exact.
Next, we consider a normal operator at ∂0X .
p ∈ Y , (τ, η˜) ∈ (R ⊕ T ∗Y )y . Fix any real valued f ∈ C∞(Y ) such that f(p) = τ , df(p) = η˜ , and
real valued f˜ ∈ C∞(X) such that φ∗f = f˜ |∂0X . Define
(τ, η˜) ∈ (R⊕ T ∗Y )y 7→ N˜0(τ, η˜) := [exp(−if˜/x0)P exp(if˜/x0)]|φ−1(p) ∈ Ψm(φ−1(p);E,F )
.
exp
(
i
f˜(x′0, x
′
1, y
′, z′)
x′0
− i f˜(x0, x1, y, z)
x0
−
)
= exp
(
i
f˜(x0 − x20X0, x1 − x0x1X1, y − x0Y, z − Z)
x0 − x20X0
− i f˜(x0, x1, y, z)
x0
)
= exp
(
if(x1, y)X0 − ix1 ∂
∂x1
f(x1, y)X1 − i
∑
i
∂
∂yi
f(x1, y)Yi +O(x0)
)
Thus, for τ = f(x1, y),σ˜ =
∂
∂x1
f(x1, y) , ξi =
∂
∂yi
f(x1, y), the symbol of N˜(τ, σ, ξ) is given by p(0, x1, y, z,−τ, x1σ˜, ξ, η),
in particular N˜0 is well-defined and does not depend on the choice of f or f˜ and depends smoothly in
(τ, η˜).
Note that if (σ˜, ξi) = (σ˜dx1,
∑
ξidyi) is a coordinate for T
∗Y , then (x1σ˜dx1/x1,
∑
ξidyi) is a co-
ordinate for bT ∗Y . So if βb : TY → bTY is a blow-down map, the above symbol expression im-
plies that there is a unique map Nˆ0 : (R ⊕ T ∗Y )y → Ψm(φ−1(p);E,F ) such that N˜0 ◦ βb = Nˆ0, i.e.
Nˆ0(τ, σ, ξ) = N˜(τ, σ/x1, ξ), and its symbol is given by p(0, x1, y, z,−τ, σ, ξ, η).
By the fourier transform, it turns out that Nˆ0 defines a suspended pseudodifferential operator (see
[13]). N0 = N0(P ) ∈ Ψmsus(Φ,bNY )(∂X) , ΦNY ≃ R ⊕ bT ∗Y . And we say N0(P ) is a normal operator of
P on ∂0X .
We obtain the exact sequence
0→ x0ΨmΦ,b(X)→ ΨmΦ,b(X) N0−−→ Ψmsus(Φ,bNY )(∂0X)→ 0.
We consider a normal operator of P at ∂1X . For P ∈ ΨmΦ,b(X ;E,F ) , λ ∈ C define
Nˆ1(P )(λ) = [x
−iλ
1 Px
iλ
1 ]|∂1X ∈ ΨmΦ (∂1X ;E,F ).
Obviously, Nˆ1 : C→ ΨmΦ (∂1X ;E,F ) is an entire holomorphic function.
Let ∂˜1X ≃ ∂1X × [0,∞] is the compactification of the positive normal bundle of ∂1X ⊂ X , then ∂˜1X
obviously has a structure of a manifold with fibered boundary. Define
ΨmΦ,b,inv(∂˜1X) := {B ∈ ΨmΦ,b(∂˜1X)| B is equivariant with respect to the (0,∞) action on ∂˜1X }.
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Note that the first front faces F1 ⊂ X2Φ,b and F1 ⊂ ∂˜1X
2
Φ,b are canonically diffeomorphic, so by Mellin
transformation, it turns out that Nˆ1(P ) defines N1(P ) ∈ ΨmΦ,b,inv(∂˜1X) and the following sequence is
exact (see [14] for more detail).
0→ x1ΨmΦ,b(X)→ Ψmb (X) N1−−→ ΨmΦ,inv(∂˜1X)→ 0
In a local coordinate, define t := log(1 − x0X1)/x0, then t is smooth up to x0 = 0, and X1 =
(1− etx0)/x0 is also smooth up to x0 = 0. And x
′iλ
1
xiλ
1
= eix0λt
Thus by changing coordinate form X1 to t , (x0, x1, X0, t, y, Y, z, Z) also gives a coordinate. Define
the symbol p˜ of P with respect to this coordinate by following.
P (x0, x1, X0, t, y, Y, z, Z) =
(∫
eiσ0X0eiσ1teiηY eiζZ p˜(x0, x1, y, z, σ0, σ1, η, ζ)dσ0dσ1dηdζ
)
|dX0dtdY dZ|
Then the symbol of Nˆ1(P )(λ) is p˜(x0, 0, y, z, σ0,−x0λ, η, ζ).
The normal operators N0, N1 can be thought as the restriction to ∂1X, ∂0X , and the symbol σ can be
thought as the restriction to the boundary S(Φ,bT ∗X) of Φ,bT ∗X at infinity. We want to consider further
restriction to the intersection of these two.
As in the case of σ, we can define symbol maps
σ0 : Ψ
m
sus(Φ,bNY )(∂0X ;E,F )→ Sm(Φ,bT ∗X |∂0Z ; Hom (E,F ))
and
σ1 : Ψ
m
Φ,b,inv(∂˜1X;E,F )→ Sm(Φ,bT ∗X |∂1X ; Hom (E,F )).
To consider the restriction to ∠X , as ∂˜1X is also a manifold with fibered boundary, we can define a
normal operator on ∂0(∂˜1X) = ∠˜X, N0,1 : Ψ
m
Φ,b,inv(∂˜1X;E,F )→ Ψmsus(Φ,bN∂˜Y )(∠˜X;E,F ).
Where ∂˜Y ≃ ∂Y × [0,∞] ,∠˜X ≃ ∠X × [0,∞] Note that for Q ∈ ΨmΦ,b,inv(∂˜1X ;E,F ), N0,1(Q) is also
equivariant to the action of (0,∞), and (0,∞) acts on ∠˜X or ∂˜Y by multiplication. So the restriction of
N0,1 to the any fiber of φ gives the same value in Ψ
m
sus(Φ,bN∂Y )(∠X ;E,F ), where
Φ,bN∂Y := Φ,bNY |∂Y ≃
R⊕ R⊕ T ∗∂Y .
Thus we can define
N1,0 : Ψ
m
Φ,b,inv(∂˜1X;E,F )→ Ψmsus(Φ,bN∂Y )(∠X ;E,F ).
On the other hand we can define
N0,1 : Ψ
m
sus(Φ,bNY )(∂0X ;E,F )→ Ψmsus(Φ,bN∂Y )(∠X ;E,F )
by restriction.
We can also define the symbol map.
σ0,1 : Ψ
m
sus(Φ,bN∂Y )(∠X ;E,F )→ Sm(Φ,bTX |∠X ; Hom(E,F ))
Define following maps by restrictions of symbols.
Sm(Φ,bT ∗X ; Hom(E,F ))→ Sm(Φ,bT ∗X |∂0X ; Hom (E,F ))
Sm(Φ,bT ∗X ; Hom(E,F ))→ Sm(Φ,bT ∗X |∂1X ; Hom (E,F ))
Sm(Φ,bT ∗X |∂1X ; Hom(E,F ))→ Sm(Φ,bT ∗X |∠X ; Hom(E,F ))
Sm(Φ,bT ∗X |∂0X ; Hom(E,F ))→ Sm(Φ,bT ∗X |∠X ; Hom(E,F ))
In summary, we defined 12 maps σ, σ0, σ1, σ0,1, N0, N1, N0,1N1,0 and four restriction maps. It is
obvious from the definition that any pair of compositions which is defined on same spaces coincide, e.g.
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N0,1N0 = N1,0N1 or σ|∂1X = σ0N0. And exact sequences exist for all of these 12 maps as shown in the
case σ,N0 and N1, but we will omit here.
Finally we can consider the joint symbol Jm which is defined as follows.
Jm(X ;E,F ) := {(s, n0, n1) ∈ Sm(Φ,bT ∗X ; Hom(E,F ))⊕Ψmsus(Φ,bNY )(∂0X ;E,F )⊕ΨmΦ,b,inv(∂˜1X ;E,F ) |
s|∂1X = σ0(n0), s|∂0X = σ1(n1), N0,1(n0) = N1,0(n1)}
Then the following sequence is exact by the diagram chasing.
0→ x0x1Ψm−1Φ,b (X ;E,F )→ ΨmΦ,b(X ;E,F )
σ⊕N0⊕N1−−−−−−−→ Jm(X ;E,F )→ 0 (6)
4 the Fredholm condition and the relative index theorem
In this section we prove the Fredholm condition and the relative index theorem for fibered cusp b-
pseudodifferential operators.
Let X be a manifold with fibered boundary. In this section fix a Riemannian metric g on Φ,bTX , then
g can be considered as a singular metric on TX and intX is a Riemannian manifold with respect to that
metric. And we also assume that every complex vector bundle E on X has a hermitian metric h. Then,
we can define the L2 space.
L2Φ,b(X ;E) := {u | u is a metrizable section of E and
∫
||u||2dg <∞}
For u, v ∈ L2Φ,b(X ;E), we can define the inner product by (u, v) :=
∫
h(u, v)dg. and L2Φ,b(X ;E) is a
Hilbert space with respect to this inner product.
Let P ∈ ΨmΦ,b(X ;E,F ) then its formal adjoint P ∗ ∈ ΨmΦ,b(X ;F,E) can be defined.
To prove P is bounded on L2, we need some technical preparations. Consider the normal operator on
∂1X , N1 : Ψ
m
Φ,b(X ;E,F )→ ΨmΦ,b,inv(∂˜1X;E,F ), then as illustrated in [17], we can define a section of N1
as following. Fix a diffeomorphism ∂˜1X ≃ ∂1X × [0,∞] and a collar neighbourhood ∂1X × [0,∞] →֒ X
and take a smooth function ψ on X which is supported in a small neighbourhood of ∂1X and identically
equal to 1 around the neighbourhood of ∂1X . Then the multiplication by ψ can be regarded as a operator
Mψ : C
∞(∂˜1X) → C∞(X). Define S : ΨmΦ,b,inv(∂˜1X ;E,F ) → ΨmΦ,b(X ;E,F ) by S(B) = MψBM∗ψ. By
definition S is smooth with respect to the Fre´cht space topology.
As in the case of b-calculus, for B ∈ Ψ0Φ,b,inv(∂˜1X ;E,F ) and u ∈ C˙∞(∂˜1X ;E), the action of B is
characterized as follows.
B̂u(λ) = Bˆ(λ)uˆ(λ)
Where uˆ and B̂u are Mellin transform of u or B̂u, and Bˆ(λ) = Nˆ1(B)(λ).
By the coordinate representation given in section 3, for λ ∈ R Bˆ(λ) is bounded with respect to the
Frc´het space topology on Ψ0Φ(∂1X ;E,F ). And by [13], the embedding Ψ
0
Φ(∂1X ;E,F )→ L(L2Φ(∂1X ;E), L2Φ(∂1X ;F ))
is bounded, so ||Bˆ(λ)|| is bounded.
Thus B is also bounded because Mellin transform is an isomorphism on a L2 space.
Proposition 3. For P ∈ Ψ0Φ,b(X ;E,F ), P is bonded as an operator L2Φ,b(E) → L2Φ,b(F ). And the
inclusion Ψ0Φ,b(X ;E,F )→ L(L2Φ,b(E), L2Φ,b(F )) is bounded.
Proof. First, we show the proposition holds for P ∈ xN0 xN1 Ψ−NΦ,b (X ;E,F ) and N > 0 is sufficiently large.
In this case the kernel of P blows down and can be written as a continuous kernel on X2 and the
boundedness is obvious.
Secondly, we show the proposition holds for P ∈ xǫ0xǫ1Ψ−ǫΦ,b(X ;E,F ) for any ǫ > 0. Because ||P ||2 =
||P ∗P || and P ∗P ∈ x2ǫ0 x2ǫ1 Ψ−2ǫ , using this discussion recursively, the boundedness follows by first step.
Lastly, we consider the general case P ∈ Ψ0Φ,b(X ;E,F ). As noted above N1(P ) is bounded with
respect to L2 norms, so S(N1(P )) =MψS(N1(P ))M
∗
ψ is also bounded with respect to L
2 norms, because
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Mψ is obviously bounded with respect to L
2 norms. By replacing P by P − S(N1(P )), we can assume
that N1(P ) = 0 i.e. P ∈ x1Ψ0Φ,b(X ;E,F )
Take sufficiently large C > 0 so that C −N0(P ∗P ) and C−σ(P ∗P ) are positive. Then, we can find a
formally self adjoint operator A ∈ Ψ0Φ,b(X ;E,E) such that N0(A) =
√
C −N1(P ∗P ) ,N1(A) =
√
C and
σ(A) =
√
C − σ(P ∗P ). Note that
√
C −N1(P ∗P ) can be defined because the calculus of the suspended
pseudodifferential operator is closed under holomorphic functional calculus. Set B := C − P ∗P − A2 ,
then N0(B) = N1(B) = σ(B) = 0 so B ∈ x0x1Ψ−1Φ,b(X ;E,E). Thus B is L2 bounded by second step.
||Pu||2 = (P ∗Pu, u) = −(Bu, u) + C||u||2 − ||Au||2 ≤ (||B||+ ||C||) · ||u||2
As Ψ0c(G;E,F ) ⊂ Ψ0Φ,b(X ;E,F ) is obviously dense with respect to the L2 norm, following propositions
can be reduced to the general theory of pseudodifferential operator of a groupoid [19, 10].
By similar arguments we can also prove the following proposition.
Proposition 4. Any one of the 12 maps in the last part of the section 3, including σ, N0 and N1, is
bounded with respect to the L2 norm.
Theorem 3. P ∈ Ψ0Φ,b(X ;E,F ) is Fredholm if and only if σ(P ) and N0(P ) are invertible and Nˆ1(P )(t)
is invertible for all t ∈ R.
Proof. As described in [10], by diagram chasing, the L2 completion of the exact sequence (6) is also exact,
0→ K(X ;E,F )→ Ψ0Φ,b(X ;E,F )
j−→ J0(X ;E,F )→ 0
where K is the space of compact operators.
Thus P is Fredholm if and only if j(P ) is invertible if and only if σ(P ), N0(P ), N1(P ) are invertible
in its L2 closure.
Because S0(Φ,bT ∗X ;E,F ) and Ψ0sus(Φ,bNY )(∂0X ;E,F ) are closed under holomorphic functional cal-
culus, σ(P ) and N0(P ) are invertible if and only if they are invertible in its completion.
For N1(P ) ∈ Ψ0Φ,b,inv(∂˜1X;E,F ) , there is an injective ∗-homomorphism defined by the Mellin trans-
form.
B ∈ Ψ0Φ,b,inv(∂˜1X ;E,F )→ Bˆ|R ∈ Cb(R,Ψ0Φ(∂1X ;E,F ))
where Cb(R,Ψ
0
Φ(∂1X ;E,F )) is a space of bounded continuous function from R to Ψ
m
Φ (∂1X ;E,F ). Ob-
viously, the completion of Cb(R,Ψ
0
Φ(∂1X ;E,F )) is Cb(R,Ψ
0
Φ(∂1X ;E,F )) and the above map extends to
an injective *-homomorphism.
Ψ
0
Φ,b,inv(∂˜1X ;E,F )→ Cb(R,Ψ
0
Φ(∂1X ;E,F )).
ThusN1(P ) is invertible in its completion if and only if its image in Cb(R,Ψ
0
Φ(∂1X ;E,F )) is invertible,
and the claim follows.
Finally, we move on to the proof of the relative index theorem.
Lemma 3. Let P ∈ Ψ0Φ,b(X ;E,F ) and suppose that σ(P ) and N0(P ) are invertible. Then there is a
parametrix Q ∈ Ψ−mΦ,b (X ;F,E) such that PQ− Id ∈ x∞0 Ψ−∞Φ,b (X ;F, F ) , QP − Id ∈ x∞0 Ψ−∞Φ,b (X ;E,E).
Proof. We construct the right parametrix Q inductively. Take Q0 ∈ Ψ0Φ,b(X ;F,E) so that σ0(Q0) =
σ0(P )
−1, N0(Q0) = σ(P )
−1. Then PQ0 − Id ∈ x0Ψ−1Φ,b(X ;F, F ).
Set R0 := (PQ0 − Id)/x0 ∈ Ψ−1Φ,b(X ;E,E) . And take Q1 ∈ Ψ−1Φ,b(X ;F,E) such that σ−1(Q1) =
−σ0(P )−1σ−1(R0), N0(Q1) = −N0(P )−1N0(R0). By definition of Q1, P (Q0 + x0Q1) − Id = x0(R0 +
PQ1) ∈ x20Ψ−2Φ,b(X ;F, F ).
Suppose we constructedQ1, . . .Qn such thatQm ∈ Ψ−mΦ,b (X ;F,E) and P (
∑n
0 x
m
0 Qm)−Id ∈ xn+10 Ψ−n−1Φ,b (X ;F, F ).
Set Rn := (P (
∑n
0 x
m
0 Qm) − Id)/xn+10 . And take Qn+1 ∈ Ψ−n−1Φ,b (X ;F,E) such that σ−n−1(Q1) =
−σ0(P )−1σ−n−1(Rn), N0(Q1) = −N0(P )−1N0(Rn). Then as above, P (
∑n+1
0 x
m
0 Qm)−Id ∈ xn+20 Ψ−n−1Φ,b (X ;F, F ).
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Finally define Q :=
∑∞
0 Qm by an asymptotic sum. Then Q ∈ Ψ0Φ,b(X ;F,E) and PQ − Id ∈
∩
m
xm0 Ψ
−m
Φ,b (X ;E,E) = x
∞
0 Ψ
−∞(X ;F, F ). As we can construct left parametrix similarly, Q is actually
right and left parametrix.
For the above parametrix Q, define S = Id−PQ ∈ x∞0 Ψ−∞Φ,b (X ;F, F ). Note that x∞0 Ψ−∞Φ,b (X ;F, F ) =
x∞0 Ψ
−∞
b (X ;F, F ), because the kernel of any element of x
∞
0 Ψ
−∞
Φ,b (X ;F, F ) vanishes on FF0 in infinite
order and blows down to the kernel on X2b .
We can see Nˆ1(S)(λ) = Id− Nˆ1(P )(λ)Nˆ1(Q)(λ) rapidly decreases as |Reλ| → ∞ by the theory of b -
calculus. Thus as in [14], we can prove the following lemma.
Lemma 4. Let P ∈ Ψ0Φ,b(X ;E,F ) and suppose that σ(P ) and N0(P ) are invertible. Nˆ1(P )(λ)−1 is
a meromorphic map from C to Ψ0Φ,b(X ;F,E) such that for any N > 0, there exists C > 0 such that
Nˆ1(P )
−1(λ) exists and bounded on {λ ∈ C | |Reλ| > C and |Imλ| < N }.
In particular,the number of poles in the strip {λ ∈ C | |Imλ| < N} is finite.
Let P ∈ Ψ0Φ,b(X ;E,F ), and suppose that σ(P ) and N0(P ) are invertible. Obviously, σ(xα1Px−α1 ) =
σ(P ). And because x1 is constant on each fiber of φ , N0(P ) commutes with x
α
1 and N0(x
α
1Px
−α
1 ) =
N0(P ).
For β ∈ R, Nˆ1(xβ1Px−β1 )(λ) = Nˆ1(λ + iβ). By theorem 3 xβ1Px−β1 is Fredholm if and only if β /∈
−ImSpec(Nˆ1(P )). Where Spec(Nˆ1(P )) := {λ ∈ C | Nˆ1(P )(λ) is not invertible} which is discrete by
lemma 4.
Thus, exactly as in [14], we can prove the relative index theorem.
Theorem 4. Let P ∈ Ψ0Φ,b(X ;E,F ) and suppose that σ(P ) and N0(P ) are invertible, βi /∈ −ImSpecb(P ) (i =
1, 2) β2 > β1 .Then,
ind(xβ11 Px
−β1
1 )− ind(xβ21 Px−β21 ) =
1
2πi
tr
∮
Nˆ1(P )
−1(λ)
∂Nˆ1(P )
∂λ
(λ)dλ,
where ind is the index of Fredholm operator, tr is the trace, and the integral path is chosen so that its
interior contains all poles of Nˆ(P )−1(λ) such that β1 < −Im(λ) < β2.
For P ∈ Ψ0Φ,b(X ;E,F ) and I := [δ, γ] ⊂ R , δ < γ be a closed interval. Define a norm by ||P ||I :=
supα∈I ||xα1Px−α1 ||. And Ψ0Φ,b
I
(X ;E,F ) be a completion with respect to that norm. Then Nˆ1 extends.
Nˆ1 : Ψ0Φ,b
I
(X ;E,F )→ Holb(R× iI,Ψ0Φ(∂1X ;E,F )),
where R × iI = {λ ∈ C | δ ≤ Im(λ) ≤ γ} and Holb is a space of bounded continuous function which is
holomorphic in the interior.
To see Nˆ1 extends to the completion, let P ∈ Ψ0Φ,b
I
(X ;E,F ) and Pn ∈ Ψ0Φ,b(X ;E,F ) such that
||P − Pn||I → 0, then Nˆ1(Pn)|R×iI is a Cauchy sequence by the definition of the norm, and uniformly
converges to some Nˆ1(P ). Because uniform limit of holomorphic function is holomorphic, Nˆ1(P ) is
holomorphic in the interior.
Note that σ and N0 also extends because σ(x
α
1Px
−α
1 ) = σ(P ) and N0(x
α
1Px
−α
1 ) = N0(P ).
And theorem 4 can be extended to the completion P ∈ Ψ0Φ,b
I
(X ;E,F ), because both hand side of
the identity are continuous with respect to || · ||I and is an integer.
5 Application to Z/k-manifolds
In this section we fix an isomorphism TX = Φ,bT ∗X for simplicity. Suppose X is a Z/k manifold
with boundary , i.e. X is a manifold with corner and ∂X = ∂0X ∪ ∂1X , ∠X = ∂0X ∩ ∂1X and the
diffeomorhpism ∂1X ≃ kZ is given, where Z is a manifold with boundary and kZ is a disjoint union of k
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copies of Z. For φ = Id : ∂0X → ∂0X , we regard X as a manifold with fibered boundary. And we write
Ψ0sc,b(X ;E,F ) = Ψ
0
Φ,b(X ;E,F ) in this case.
A vector bundle E overX is called Z/k-vector bundle if E|∂1X = kEZ for some vector bundle EZ → Z.
Fix a Z/k-vector bundle structure on TX . Define X be a quotient of X obtained by identifying k copies
of Z in X . Then TX → X descends to a vector bundle TX → X.
Let E,F are Z/k- vector bundle over X , and P ∈ Ψ0Φ,b(X ;E,F ). Define
Ψ0sc,b,Z/k(X ;E,F ) := {P ∈ Ψ0sc,b(X ;E,F ) | N1(P ) = kQ for some Q ∈ Ψ0sc,b(∂˜1Z;E,F ) }
Where kQ = Q⊕Q · · · ⊕Q ∈ Ψ0sc,b(∂˜1X ;E,F ) is defined by using isomorphism ∂1X ≃ kZ.
Nˆ0(P ) is a bundle homomorphism over ∂0X , Nˆ0(P ) : R ⊕ T (∂1X) → ∪
y∈∂0X
Ψ0(φ−1(y);E,F ). And
note that φ−1(y) is one point set in this case. So Ψ0(φ−1(y);E,F ) ≃ Hom(E,F ). Under this identifica-
tion, by the compatibility of N0 and σ, σ(P )(ξ) = limt→∞ Nˆ0(tξ) for ξ ∈ S(TX |∂0X).
By above observations, there is a map
s : P ∈ {P ∈| σ(P ) and N0(P ) are invertible } 7→ [E, σ(P ) ∪N0(P ), F ]
∈ K(D(TX), S(TX) ∪D(TX)|∂0X).
Where we regard σ(P )∪N0(P ) as a bundle isomorphism between E and F over S(TX)∪D(TX)|∂0X .
Let P ∈ and suppose that σ(P ) and N0(P ) are invertible. Then the right hand side of the iden-
tity in theorem 4 is always a multiple of k, so ind(xβ1Px
−β
1 ) mod k ∈ Z/k does not depends on
β /∈ −ImSpec(Nˆ1(P )(λ)). And more strongly following lemma holds.
Lemma 5. Let P,Q ∈ and suppose that σ(P ), σ(Q) and N0(P ), N1(P ) are invertible. If (σ(P ), N0(P ))
and (σ(Q), N0(Q)) are homotopic in the space of invertible joint symbols, then ind(x
β
1Px
−β
1 ) ≡ ind(xβ1Qx−β1 )
mod k for β /∈ −ImSpec(Nˆ1(P )(λ)) ∪ −ImSpec(Nˆ1(Q)(λ))
Proof. Let (st, nt), 0 ≤ t ≤ 1 be a homotopy such that (s0, n0) = (σ(P ), N0(P )) , (s1, n1) = (σ(Q), N0(Q)).
Take any lift Rt of (st, nt) , i.e. (σ(Rt), N0(Rt)) = (st, nt). Combining the homotopies (1− t)P +R0 and
tQ+ (1− t)R1, we can get a homotopy St such that S0 = P , S1 = Q and (σ(St), N0(St)) is invertible for
all 0 ≤ t ≤ 1. Partition the interval sufficiently small [t0, t1], . . . , [tm−1, tm] ,0 = t0 < t1 < · · · < tm−1 <
tm = 1 so that we can choose β0, . . . , βm−1 such that x
βiStx
−βi is Fredholm on [ti, ti+1].
Then ind(xβiStx
−βi) constant on [ti, ti+1] and ind(x
βiStix
−βi) ≡ ind(xβi−1Stix−βi−1) mod k. So
ind(xβ0Px−β0) ≡ ind(xβm−1Qx−βm−1) mod k and the claim is proved.
As in [7] or [20], we can define a topological index map.
t-ind : K(D(TX), S(TX) ∪D(TX)|∂0X)→ Z/k
And the index theorem can be proved.
Theorem 5. Let P ∈ and suppose that σ(P ) and N0(P ) are invertible, then ind(xβ1Px−β1 ) mod k =
t-ind(s(P )) ∈ Z/k , β /∈ −ImSpec(Nˆ1(λ)).
Proof. We will demonstrate two different ways to prove the theorem.
The first method is to reduce the case when ∂0X is empty as in [16]. Embed X into Y ,where
Y is Z/k- manifold such that ∂0Y = φ, e.g. we can take Y as a double of X . Choose G so that
F ⊕G ≃ Cn , by replacing P by P ⊕ IdG, we can assume F = Cn is a trivial bundle. Because D(TX |∂0X)
is homotopy equivalent to ∂0X , by replacing P to homotpic element, we can assume that Nˆ1(P ) :
TX |∂0X → Hom(E,F ) is constant on each fiber and given by some bundle isomorphism θ : E ≃ F = Cn.
Using θ, we can extend E onto Y in obvious way. Take a cut-off function φ such that φ ≡ 1
near ∂0X . If we choose φ so that its support is sufficiently small, Q := θφ + P (1 − φ) is homotopic
to P . Q can be extended to a b-pseudodifferential operator Q˜ on Y And by construction, under the
excision map K(D(TX), S(TX) ∪ D(TX)|∂0X) → K(D(TY ), S(TY )), σ(Q) is mapped to σ(Q˜) thus,
t-ind(s(Q)) = t-ind(s(Q˜)). Obviously, ind(xβ1Qx
−β
1 ) = ind(x
β
1 Q˜x
−β
1 ) for all β /∈ −ImSpec(Qˆ(λ)).
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Because ∂0Y is empty, by [7], t-ind(s(Q˜)) = ind(x
β
1 Q˜x
−β
1 ) mod k and the theorem is proved.
For the second method, we only give a outline.
We define the analytic index a-ind : K(D(TX), S(TX) ∪ D(TX)|∂0X) → Z/k by a-ind(s(P )) =
ind(xβPx−β) mod k , β /∈ −ImSpec(Pˆ (λ)). Then it is well-defined. And we can prove that a-ind
satisfies the axioms as in [3], [7] or [20].
For the part of the axiom about multiplication, we need to pay some attention. Let W be a closed
manifold, and P ∈ ΨmΦ,b(X ;E,F ) , m > 0 . Then in general, as in [3], P ⊠ IdW /∈ ΨmΦ,b(X ×W ;E,F ) but
it is contained in the completion ΨmΦ,b
I
(X × Z;E,F ) defined in section 4 .
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